Ch.4 Plane truss element for large displacements and rotations

For trusses with a constant value of strain along their length, their FEM formulation is relatively simple
because it is not necessary to express the displacement or deformation of a general point of the element.
In such a case, the value of the deformation can be expressed using the coordinates and displacements of
the end points of an element. We will document this by creating matrices of a plane element suitable for
solving problems with large displacements, rotations, and small deformations. We will use Green's strain
for the deformation of the element and perform the integration of the internal energy of the element on
the initial volume of the element. Such a formulation, in which the sought values are expressed using the
initial configuration of the body (element), is called the total Lagrangian formulation. The choice of Green's
strain simplifies the formulation to such an extent that all members of the element's basic matrices can be
expressed explicitly using the general parameters of the element.
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Let us consider an arbitrary element cut out close to the nodes by an imaginary section from a plane
truss structure, which in the unloaded state is located in the reference position C , (Fig. 4.1) determined by
the coordinates of the points i and j. After loading, the element reaches the actual position C ; and the
components of the end point displacements that arise during this displacement are arranged in the vector

T
ue=[u[ v, U vj] (4.1)

From the change in the length of the element, Green's strain at its current position can be expressedas
follows:
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If we introduce X ;; = X, - X

we have
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and according for Green's strain of the element we get

1
The strain energy of the element is
1 1% 1
2 b 2 0 2
0

The displacement of the element associated with its axial deformation will cause forces, the components
of which are arranged into a vector

T
a=[0x Oy Ox Oy (4.5)
The element equilibrium condition requires a minimum value of the strain energy, so that
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The expression 85G/8ue in (4.6) is a vector whose terms are obtained by successive differentiation

(4.3)with respect to the components of vector (4.1)
1 T
0

where
ke = (X +uy) /1y and Jy = (Y, +v;)/ 1.

From the relation (4.6), we can now determine the components of the element's end forces
corresponding to the specified displacements.

q,=Ng[-ky —ky ky k] (4.8)

where the Green's force of the element is

The relation (4.8) gives the dependence between the components of the nodal displacements of the
element U, and the components of the internal nodal forces of the element contained in vector q, . This
relationship is nonlinear, unlike linear elements, but its meaning is the same in both cases: if we choose or
calculate the displacements of the nodal elements of the element, we can determine the force load of the
element at these displacements.

Green's stress is not identical to the axial stress, and Green's force is not identical to the axial force of
the element. For an element with small deformations (/ = /,), the differences are negligible. Using the
derived relations, these differences can be easily demonstrated for the case of axial tension of the element
without a rotation. Consider the element in Fig. 4.1 in a horizontal position with node coordinates
X,;=Y,=Y;=0, X ;=l, with a single degree of freedom v j (ui=v=v;=0) and stretch it by the value u
= Al . According to (4.8), then for the component QjX , Which in this case represents the axial force of the

element, we obtain
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The vector of internal nodal forces allows, according to (3.16) and (4.6), to determine the tangential
stiffness matrix of the elementas as follows:
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where for the so-called material stiffness matrix of the element we get
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K$, = EySylb bl = (4.11)

The geometric stiffness matrix of the element (initial stress matrix) is obtained by (4.10) and (4.7), where

each term of the vector bf is derived with respect to all four terms of the vector u,

1 0 -1 0
. NgJO 1 0 -1
ST l-1 0 10

0 -1 0 1

(4.12)

From the relations (4.6) and (4.10), we can express the vector (], and tangential stiffness matrix of the

element K7 for any measure of deformation when we replace the strain & in these relations with it. The

formulation for the engineering strain with the correct constitutive relation o;,, = Ey&,,, is particularly

interesting because the elastic modulus of the material is determined at this measure. True, we lose the
simplicity that the Green's strain of deformation of the member provides when deriving the vector of
internal nodal forces of the element and the tangential stiffness matrix. Now it holds
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are also not simple. However, the Mathematica program performs the necessary derivatives without any
problems, and determining the necessary element matrices is easy (Example 4.3).

A plane truss element can also be considered a simple body that has 4 degrees of freedom in the plane.
If we remove three degrees of freedom from it, we obtain a statically determinate strength problem with
one unknown — the corresponding free component of the node displacement. The properties of the nodal
force vector and tangential stiffness matrix of the element can be clearly demonstrated using examples of
such a body.



Example 4.1

Using the derived relations, the axial force, stress, and nodal force vector for the element given in Figure
4.2 are calculated in the case that it rotates by an angle of = 90° and stretches by 0.1 mm at node j under
load .
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The position of the element is determined by the coordinates of the nodal points X, =Y, = Yj =0,

Yj =1000mm . And the load is caused by the displacements u,=0, v;=0, u;= -1000, v;= 1000.1 mm. The

solution of the problem and the results are shown in Fig. 4.3.

EO =200000; s0 =100;
xi=0;yi=0;%j=1000;yj=0;,ui=0;vi=0;uj=-1000;vj=1000.1;
Xji=xj-xi;yji=yj-yi;uji=uj-ui;vji=vj-vi;
L2 = (xji+uji)*2+ (yji+vji)*2; L =Sqrt[L2];

L02 =xji*2 +yji~*2; LO = Sqrt[L02];

epsG = (L2 - L02) / (2 %L02);

kx = (xji +uji) /LO; ky = (yji +vji) /LO;

Ng = EO * epsG % SO;

Sig=Ng/Ss0;

q = Ng=* {-kx, -ky, kx, ky}’

Print["Axial force = ", Ng// NJ];

Print["Stress = ", Sig // N];

Print["Vector g= ", MatrixForm[q // N]];

Axial force =2000.1

Stress = 20.001

0.
—2000.3
0.
2000.3

Vector g=

Fig. 4.3



Example 4.2

Solve Example 4.1 with the engineering strain.

Clear[ui, vi, uj, vjl;

EO = 200000; S0 =100;
xi=0;yi=0;xj=1000;yj=0;
Xxji=xj-xi;yji=yj-yijuji=uj-ui;vji=vj-vi;
L2 = (xji+uji)*2+ (yji+vji)*2; L=8Sqrt[L2];

L02 = xji*2+yji~2; LO = Sqrt[L02];

epsi = (L-L0) /LO;

Ni = EO *epsi % SO;

Qi = {D[epsi, ui], D[epsi, vi], D[epsi, uj], D[epsi, vj]} * Ni *LO;
ui =0; vi=0; uj=-1000; vj =1000.1;

Print[" Axial force = ", Ni // N];

Print[" Stress= ", Ni/SO0// N];

Print[" Vector g= ", MatrixForm[Qi // N]];

Axial force = 2000.

Stress= 20.
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Fig. 4.4

The solution is shown in Fig. 4.4. The force and stress results already correspond to the experience with
the engineering strain scale:
Niyg = EgAlyS, / 1y = 200000-0,1-100 /1000 = 2000 N

The physical meaning of the tangential stiffness matrix is the same as that in the linear problem: it
expresses the stiffness of an element in a loaded computational model of a structure (body) in the
equilibrium state. The larger the numerical value of its members, the stiffer the element, and vice versa.
The tangential attribute only states that, unlike in the linear problem, it changes during loading depending
on the changing displacements and rotations of the element. In the final (equilibrium) state, the material
stiffness matrix represents the standard stiffness matrix known from the linear problem, although the
iterative process must determine the position of the element relative to the global coordinate system.
(There were no problems with this in the linear problem because the position of the loaded element was
identified with the initial position.) This can be documented by introducing the allowed simplification / = [,

for this element. According to Fig. 4.1, we can introduce the following equation:
ke = (X +uy,)/ Iy = cos Bhy =Yy +v,,) /1y = sin B
and the material matrix (4.11) of the element can be rewritten as

cos* P sinfPcos f —cos® P —sinfcosf

Ke, = E,S, sin’ p —sin fcos [ —sin® g (4.15)
ly | SYM cos* p sin B cos B
sin® p

which is the standard stiffness matrix of a plane element at a given position relative to the global
coordinate system. Therefore, the material matrix of a nonlinear element expresses the stiffness of the
element resulting from its material and dimensional stiffness and its position in the loaded structure. It



also follows from (4.15) that during the translational movement of the element, its stiffness matrix does
not change.

In the linear calculation, we neglect the effect of displacements of nodal points on the material stiffness
of the element, and in (4.15) holds (Fig. 4.1).

ky=X;/ly=cosd,ky=Y;/ly=sind

The geometric matrix of an element (4.12) affects the stiffness of the element depending on the stress
acting on the element; therefore, it is often called the stress stiffness matrix. In our case, the size of the
members is influenced by the size of the axial force and, therefore, by the axial stress of the element. This
matrix plays an important role in the analysis of the loss of stability, effect of stress on the bending
stiffness, and change in the dynamic properties of the structure. We analyze its function using a beam
nonlinear element in Chapter 6.



